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1. INTRODUCTION
We consider the equation

—Au =N u—Wu"u in D. (1.1)

Here p >0,4>0,A>0,u>0,andD is one of the domains D = RY,D=Q,D= [R{N\ﬁ, where Q is a
bounded star-shaped domain in R" with a C'-smooth boundary 0Q and N > 1. We investigate the weak

solutions u € W (D) := a2 (D) N L™ (D) satisfying the following boundary conditions:
in the case D = Q,

u=0 on 0Q (1.2)
in the case D = R”,
lu(x)) >0 as |x] = oo (1.3)

and in the case D = RN\ﬁ,
u=0 on 0Q and |u(x)—>0 as [|x] > ce. (1.4)

The boundary value problems (1.1), (1.2), (1.1)—(1.3), and (1.1)—(1.4) have a variational structure with
the Euler—Lagrange functional

E,(u) = lj|vu|2dx - xlj'|u|”dx + ulj|u|"dx, ue W(D). (1.5)
2D pD qD

Following [3], we say that Eq. (1.1) corresponds to the zero mass case. Such an equation is the limiting
case.of the family of equations with,nonzero masses, i.e., Egs. (1.1) in which Au is replaced by (Au — mu)
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498 IL’YASOV

with m > 0. In the case L = 0, Eq. (1.1) subject to one of the boundary conditions (1.2), (1.3), (1.4) pro-
vides an example of the classical boundary value problem that has a critical exponent. The study of non-
linear problems with critical exponents was started in the 1960s by Pohozaev and Fujita (see [2, 3]). In [2],
the parabolic problem u, = Au + Aul” 4 in D =R" was considered, where the exponent p = %
is critical in the sense that, for p € (1, py), the parabolic problem has no nonnegative global solutions, while
such solutions can exists when p > p. In [3], it was shown for the elliptic problem (1.1)—(1.3) for u = 0 and
N = 3that the existence of positive solutions is possible only for p € (2,2*], where 2* is the Sobolev critical

exponent (2*¥ = % for N > 3 and 2*¥ = + for N = 1,2). Presently, the theory of critical exponents is a

central topic in nonlinear analysis. The interest in this topic is caused both by the internal logic of the
development of the theory of nonlinear differential equations and by the demands of applications (e.g.,
see [4—10] and references therein).

In general, the critical exponent can be defined as a value p* that separates the intervals of the expo-
nents p for which the equation has distinctive qualitative properties. The problem becomes more compli-

cated if we consider Eq. (1.1) as a family of equations parameterized by two exponents (p,g) € R’. In this
case, we face a more general problem on the existence of a curve of critical exponents, i.e., a curve that sep-
arates the p X ¢ domains on the plane in which Eq. (1.1) has qualitatively distinct properties. This problem

was studied in [11], where a new curve of critical exponents ¥(N)c €, was found in

€, :={(p,9) € R’ :1< g < p < 2} that separates in €, the domains in which the initial—boundary value
parabolic problem associated with (1.1), (1.2) can have only stable or unstable ground states, depending
on which domain contains the exponents (p,g). In this paper, we elaborate theses studies (see [11]) as
applied to the entire quadrant € := {(p,q) : p > 0, g > 0}.

As in [11], our approach essentially uses the function R™ > r + E(ru) for u € W, which is called the
fibering function following the works by Pohozaev [12, 13]. Note that, in the case of equations with only
one exponent, e.g., inthe case L = 0 or A = 0 in Eq. (1.1), the fibering function E(ru), forallu € W\0 has
a unique stationary point r, >0 (dE(r,u)/dr =0) of the same type for all ue W\0 (i.e., either

dzE(ruu)/aIr2 <0or a’zE(ruu)/a’r2 > 0). IfEq. (1.1) is considered depending on two exponents (p, g), then
FE(ru) can have two nonzero stationary points of different types or have no such points. Under the
approach proposed in this paper, we overcome this difficulty as follows. To investigate the solvability of
problems, in addition to the fibering equation dE(ru)/dr = 0 and Pohozaev’s identity as is done in the

conventional approach [3], we include in the analysis the equation d ’E (ru)/ dr’ = 0. An additional
advantage of this approach is that it not only helps find necessary conditions for the existence of solutions
but also makes it possible to determine the type of the stationary point of the fibering function E(ru) they

can correspond to d’E(ru)/dr’ < 0, d*E(ru)/dr’ > 0, or d*E(ru)/dr’ = 0. The ability to classify these
properties of solutions allow us to investigate the stability of these solutions for the corresponding nonsta-
tionary problems (see Lemmas 4.1, 5.2, 5.5, and 5.8).

The central role in the present paper is played by the mapping
d*(p.q) = N(p-2)(q -2 —-2pq, (p.q)e R’. (1.6)

The set €(p,q) := {(p,q) € R*: d*(p,q) = 0} is called the curve of critical exponents. This curve and the
curves p=2,q9 =2, p=2*% q =2*%, and p = g divide the plane of the exponents into domains as shown
in Figs. 1—-3. The main aim of this paper is to investigate the properties of problems (1.1), (1.2), (1.3), (1.4)
depending on the domain containing the exponents (p,q). In Section 2, we derive necessary conditions
for the existence of solutions to problems (1.1), (1.2), (1.3), (1.4) and give a classification of solutions
depending on the type of the stationary points of the fibering function corresponding to them (see Theo-
rems 2.2, 2.4, and 2.5). As a consequence of these results, we give an answer (in the case of equations with
a zero mass) to the Strauss problem (see [14]) of the solvability of problem (1.1)—(1.3) for 2* < g < p and
N = 3. In Section 3, we investigate the existence of solutions. The main result is Theorem 3.6. In Section 4, we
use.qualitative results.on.the types.of stationary points of the fibering function to obtain results on the lin-
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Fig. 1. The curve of critical exponents for N = 3.
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Fig. 2. The curve of critical exponents for N = 2.

ear instability of stationary solutions to parabolic equations. In Section 5, we investigate the stability of
solutions to parabolic equations. Here, we elaborate the results obtained in [11] for the case of exponents

in the quadrant €. Note that, by Derrick’s theorem [15, 16], in the case D = RN, the solutions to
problem (1.1)—(1.3) are linearly unstable stationary states for the corresponding parabolic equations.
However, this result is valid only for p > 2, ¢ > 2, while the case p, g € (1,2] is not covered by Derrick’s
theorem. We show that, in the case p, g € (1,2], a result that is generally opposite to the assertion of Der-
rick’s theorem holds. In Lemma 5.8, we use the curve of critical exponents €(p,q) to find a subset

€, < (1,2] x (1,2] possessing the following properties in the case (p, g) € € ,: the parabolic problem associated
with.(1.1)—(l.3),-has global solutions and stable (in the sense specified) below stationary states.
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Fig. 3. The curve of critical exponents for N = 1.

2. THE CURVE OF CRITICAL EXPONENTS

It is sufficient to examine Eq. (1.1) depending only on one of the parameters A > 0 or i > 0. Indeed,
making the change of variables &z = fu in Eq. (1.1), e.g., with r = (1/ p)”("*z), we obtain Eq. (1.1) withi =1

and A = A1/ u)(” D) Furthermore, in the case D = R , problem (1.1)—(1.3) is actually independent
of both parameters | and A. Indeed, if u satisfies (1.1)—(1.3) at a certain A > 0, then we can make the

change of variables v ; = Tu(cx) with T = AP and 67 = M99 (o obtain a solution to Eq. (1.1) with

A = 1. For this reason, we assume that i = 1 below. In addition, while considering Eq. (1.1) in the case

D=R" , we assume (unless otherwise indicated) that A = 1 and omit the coefficient A.

Let D=R",D=Q,orD = [REN\ﬁ, where Q is a bounded domain in R" with a C'-smooth bound-
ary 0Q. We define W (D) := QDI’Z(D) N L7 (D), where @1,2(1)) is the Hilbert space defined as the comple-

1/2
tion of C;; (D) with respect to the norm ||w]|, = ( I |Vw|2dx)) . In this notation, the boundary value prob-
D
lems (1.1), (1.2), (1.3), and (1.4) are written in the unified form

—Au = Nul”2u—u|"u, ue W(D), 2.1
where the equality is interpreted in the weak sense. Let

T(u)::j|vu|2dx, Au) = j ul’dx, B(u) = j u'dx, wue W(D).
D D

D

Then, E, (u) = %T(u) - X%A(u) + cl1B(u)' A weak solution u# # 0 to problem (2.1) is called the ground state

[1]if E,(u) < E,(w) for any other weak solution w € W (D)\0 to this problem. Consider the fibering func-
tion

2 P q
E,ru)="Tw) - A Aw)+ = Bw), reR’, r>0, ue W(D)\O.
2 p q
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2
Introduce the notation £, (u) := %Ek(ru) , By (w) = Q%E ,(ru)| . Note that, if u is a solution to
r=l1 r r=1

problem (2.1), then E; (u) = 0; i.e., r = 1 is a stationary point of the function £, (ru). It is easily seen that,
for each u € W(D)\0, the following conditions are fulfilled.

Condition 1. If 0 < p < min{2,q} or max{2,q} < p, then E, (ru) VA > 0 has a unique stationary point
r > 0; furthermore, E,'(ru) > 0 if1 < p < min{2,q}, and E;' (ru) < 0 if max{2,4} < p.

Condition 2. If 1< g < p <2 or 2 < p < g, then there exists a A, > 0 such that, VA € (0,A,), E,(ru)
has no stationary points » > 0; for A = A, there exists a unique nonzero stationary point » > 0, and

E;'(ru) =0; for Ae (A,,+), there exist two nonzero stationary points

E;' (rmatt) < 0 and E; ' (r;,4) > 0.
Let u € W(D) be a weak solution to Eq. (2.1). Then, according to the standard regularity theory of

and r,,;, such that

solutions to elliptic equations (see [17]), we have u € C2(D) NC 1’K(B) for x € (0,1). Hence, u satisfies
Pohozaev’s identity (see [3, 18])

2

P(u)+a—— [ 24 x-vas =0, (2.2)

2N Y lov
JD

where v := v(x) is the normal vector to the boundary at the point x € D,a=0if D = R ,a=1ifD=Q
orD = IRN\ﬁ, and

Pw) = Tw) - AL awy+ LBw), ue w(p), (2.3)
2* P q
is Pohozaev’s function. Here, % = % it N >3, # =0if N =2, and % = —% if N = 1. In addition we
will use the following notation:
_ )* _ D%
@=-2). __1 @=2.__1 ¢ N=»
2%q q 2*p p

and
(=2 ._ _gqg+2 (=29 _ _p+2 . _
g pat ¥ " if N =1.
Proposition 2.1. Let u € W (D) be a weak solution to Eq. (2.1),  be a bounded domain in R" that is a

star-shaped domain with respect to the origin of IRN, and let 9Q be a C' -smooth boundary. Then,
(i) ) =0ifD=R";
() Pu)<0ifD=Q;

(iii) P,(u) 2 0 if D = R™\Q.
Proof. Assertion (i) is an immediate consequence of formula (2.2). Note that, if Q is a star-shaped
domain with respect to the origin of R", then x - v > 0 for all x € Q. Hence, (2.2) implies (ii) and (iii).

Let E;, F;', P, € R. Consider the system of equations
T(u) — M) + Bu) = E;,
Lrwy 2L awy + L Bw) = P, (2.4)
2* p q

Tw) - (p—DAA@W) + (¢ —DBW) = Ej/,
where T'(u), AA(u), B(u) € R are considered as unknowns. The determinant of this system is

G-pPNp-2(q—-2)—2pq) _(g—p)
d = = d* 2.5
INpa 2Npa (p,9), (2.5)
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where d* is given by formula (1.6). In the case d # 0 and £, = 0, the solution to system (2.4) has the form

T(u) = luEk + (‘1;—1’)]9’

d

1@=2") v, (@—2)
A) = — F P 2.6
AA(u) i 74 i+ S : (2.6)

Buy=1P=2) g =2 p
2*p d

In the case D = R" , we have the following result.

Theorem 2.2. Let D =R”™, p # g, p > 0, and g > 0. Then, the following is true.

(1) For the existence of a nonzero solution to problem (2.1), it is necessary that 2* < p<gq or
0<g<p<2*ifN 23,and0<qg< pif N =1,2.

(2) If ue W(D) is a weak solution to problem (2.1), then E(u) >0 and E"(u) =0 < d*(p,q) =0,
E'w) >0 < d*(p,q) >0,and E"(u) < 0 & d*(p,q) < 0.

Proof. Suppose that there exists a weak nonzero solution u to problem (2.1). Then, £'(z) = 0 and, by
Proposition 2.1, P(u) = 0. Therefore, (2.6) implies

d-T() =92 ),
pq

d- Ay =9=2) pr ), 2.7)
2*q

d-Bw) = L=2) g,
2%p

Since T'(u), A(u), B(u) > 0, these equalities are possible only if the factors (¢ — p), (g — 2*), and (p — 2*)
multiplying E''(u) have identical signs. Hence, in the case N > 3, it must be ¢ > p, ¢ > 2*, p > 2* or

qg<p,q>2% p<2¥ inthe case N = 1,2, it must be g < p. Therefore, assertion (1) of Theorem 2.2 is
valid.

Note that, if 2* < p<g and N >3, then (g — p) >0, (¢ —2*) >0, and (p — 2¥) > 0. This and (2.7)
imply that the sign of £ («) coincides with the sign of d*(p, q). It is easy to see that the same holds for
O<g<p<2*and N 23orfor0 < g < pand N =1,2. Thus, we have assertion (2) of Theorem 2.2.

In [14], the question about the existence of solution to problem (1.1)—(1.3) in the case 2* < ¢ < p and
N 2> 3 was posed. In the case of a zero mass, assertion (1) of Theorem 2.2 gives the following answer to
this question.

Corollary 2.3. In the case 2* < ¢ < p and N = 3, problem (1.1)—(1.3) has no solutions.
In the case of a bounded domain D = Q, we have the following result.
Theorem 2.4. Let p#q, p>0, q >0, and D =Q, where Q is a bounded star-shaped domain with

respect to the origin of R" with a C'-smooth boundary 0Q. Then, the following is true:

(1) for the existence of a nonzero solution to problem (2.1), it is necessary that, inthecase N 2 3,0 < p < q
or0<g< p<2¥

(2) if ue W(D) is a weak nonzero solution to problem (2.1), then, in the case N 21,E"(u) >0 if
d¥(p,q) > 00or0 < p <min{2,q}, and E"(u) < 0 if max{2,q} < p < 2*.

Proof. Let u be a weak solution to problem (2.1), and let N > 3. Then, since £, (u) = 0 and P, (u) <0
by Proposition 2.1, (2.6) implies

d*T(u) < - E" (), (2.8)
pq
d*(q —p) @q-2%
W=D gy < 4=27) pogyy 2.9
a-2 " g @2
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d%q =) pyy) < (p 2 g, (2.10)
(r-2) *p(p—2)

Inequality (2.8) implies that, if 4* > 0, then E "(u) > 0. In this case, inequalities (2.9) and (2.10) are
consistent because d* > 0 implies max{p,q} < 2 or 2* < min{p, q}.

Consider the case max{2,g} < p. Due to Condition 1, £"(#) < 0. Hence, (2.8) implies d* < 0. Then,
the inequality d*(g — p) > 0 and (2.10) imply p < 2*. Thus, for the existence of a solution in this case, it is nec-
essary that max{2,q} < p < 2*. Itiseasy to verify that, in the case 0 < ¢ < p < 2, inequalities (2.8)—(2.10) are
consistent. Summarizing the reasoning above, we conclude that, in the case N > 3, in the semi-plane
0 < g < p, the condition 0 < g < p < 2* is necessary for the existence of a solution to problem (2.1).

Consider the case N = 2. Then, (2.6) and the inequality P, (z) < 0 imply that

#Tw < LEw, 229D qy<——1 pry, TU=Ppgy < E"w). (2.11)
pq

(¢-2) q(qg —2) (r-2) p(p —2)
The first inequality in (2.11) implies that E"'(«) > 0 if d* > 0. Furthermore, d* > 0 implies p < 2 and

g < 2. Using this fact, we conclude that these inequalities are consistent forall 0 < p and 0 < g under con-
sideration. In the case N = 1, the reasoning is similar.

In the case D = IRN\Q, the following result holds.
Theorem 2.5. Let p # q, p > 0, ¢ > 0, and D = R"\Q, where Q is a bounded star-shaped domain with

respect to the origin of R" with a C'-smooth boundary 0Q. Then, the following is true:

(1) for the existence of a nonzero solution to problem (2.1), it is necessary that, inthecase N >23,0< g < p
or2*< p<gqgand inthecase N =1,2,0<g< por2< p<gq;

(2) if u € W(D) is a weak nonzero solution to problem (2.1), then,

inthecase N 23, E"(u) <0 ifd*(p,q) <0 and 2* < p < q or d*(p,q) <0 and 0 < g < p;

inthecase N =12, E"(u) < 0if2< p<qordi(p,q)<0and0<qg<p.

Proof. Let u be a weak solution to problem (2.1). Then, in the case N > 3, (2.6) with the inequality
P, (1) = 0 taken into account implies

*Tw) > L E" (), (2.12)
pq
d*(qg —p) (g —2%)
M= fw) > L= E"(u), 2.13
w-2) (u) Yaa—2) "(u) (2.13)
aG =D popy > (p 2) g, 214
-2 (u) o —2) E"(u) (2.14)

Using (2.12), we conclude that, if 4* < 0, then E"(u) < 0. Consider the case 0 < p < ¢. Since E"(u) > 0
for 0 < p < min{2,q}, we conclude that, for d* < 0, problem (2.1) cannot have solutions. If 2 < p < ¢,
then inequalities (2.13) and (2.14) can hold only for 2* < p < ¢. It is easy to verify that, in the case
2 < p < qgandd* > 0, inequalities (2.12)—(2.14) are consistent; and, inthecase 0 < p < g < 2and d* > 0,
they are inconsistent. Therefore, if 0 < p < ¢, then it is necessary that 2* < p < ¢, and if additionally
d* <0, then E"(u) < 0. The analysis of inequalities (2.12)—(2.14) for 0 < ¢ < p shows that they are con-
sistent.

The cases N =1and N = 2 are analyzed analogously to each other. By way of example, consider the
case N = 2. Using (2.6) and taking into account P, (z) > 0, we have

& T(w) > - E" (), (2.15)

pq
d*(q — p) 1 " 71
WAl )] SR A > W, (2.16)
TG=Ppyy>-——L g, 2.17
w-2 7 - @1
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The analysis of these inequalities in the case 0 < ¢ < p shows that they are consistent. It follows from
(2.15) that d* < 0 implies £"(u) < 0. Note that, if 2 < p < g, then d* < 0 and, therefore, the left-hand
sides of inequalities (2.16) and (2.17) are negative, while their right-hand sides are positive. This contra-
diction proves that the inequalities are inconsistent. They are also inconsistent in the case d* < 0 and
0 < p <min{2,q}.

3. EXISTENCE OF SOLUTIONS

The existence of a solution to Eq. (2.1) in the caseD = R" follows from the results obtained in [1, 14,
19—22]. We summarize these results in the following lemma.

Lemma 3.1. Let D = R" . Then, the following is true:

(D) if N =1,2and 1< g < p, then there exists a solution u € CZ(RN) to problem (2.1) such that u > 0,
u(x) =u(r),|x|=r, xe R?, and u'(r) < 0 for r > 0. In addition, if 2 < p < q, then u > 0 in R";
) if N23 and 2*<p<q or 1<g<p<?2¥ then there exists a nonnegative solution

ue WDyn CZ(RN) to problem (2.1) that is a ground state. Furthermore, if 2* < p<qor2 < q < p < 2%,
then u > 0 and the function u is spherically symmetric and monotonically decreasing, i.e., u(x) = u(r), |x| = r

for xe RY and u'(r) < 0 for r > 0.

The proof of assertion (1) in the case 2 < g < p follows from Theorem 1.1 in [22] in the case N = 2 and

from Theorem 5 in [3] in the case N = 1. A proof of this assertion in the case 1 < g < p < 2 can be found
in [19-21, 23].

The proof of existence in assertion (2) follows from the following theorem in [1] about the sufficient
conditions for the existence of solutions.

Theorem 3.2 (Berestycki—Lions). Let N > 3 and g: R — R be a continuous odd function satisfying the
conditions

(D) ES_HO 8(s) <0, wherel = 2% —1;
s

li

(2) AC > 0 such that G(C) := Ioc g(s)ds > 0;
(3)ifg(s) >0 forall s >, :=inf{{ > 0: G() > 0}, then

lim&f):o.

s>+ §
Then, there exists a nonnegative solution u € QDI’Z([RN) 1o the problem
—Au = g(u), (3.1)
ue B2RY), (3.2)
andue C*R").

It is easy to verify that the function g(s) = |s|” “s—s|’ s is continuous for 1 < min{p, g}. In addition, it
satisfies conditions (1)—(3) of Theorem 3.2 if and only if 2* < p < g or1 < g < p < 2*. Note that this, in
particular, implies the following result.

Corollary 3.3. Let g : R — R be a continuous odd function. Then, conditions (1)—(3) of Theorem 3.2
are necessary and sufficient for the existence of solutions to problem (3.1)—(3.2).

The second part of assertion (2) of Lemma 3.1 follows from the maximum principle for elliptic equa-
tions (e.g., see [1]).

Consider the case D = Q. In this case, we will consider only the exponents in the set max{p, g} < 2*.
Then, by Sobolev’s. theorem,.-we-have the embedding @1’2(9) c L'(D) for ye (1,2*). Therefore, we may
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consider %"*(Q) as W (D). We will construct a solution to (2.1) by the Nehari manifold method using a
variational problem with an imposed constraint:

E,(u) > min, ue N,. 3.3)

Here N'; :={ue W(D)\0: E;(u) = 0} is called the Nehari manifold. Let

A

E, :=min{E;(u): ue N,} 3.4)
Note that, since every weak solution to problem (2.1) belongs to the Nehari manifold N, , the minimizer
u, € N, of problem (3.3) satisfying Eq. (2.1) is a ground state.
Proposition 3.4. Let A > 0 and u, be a minimizer of problem (3.3), satisfying the condition

E;'(uy) # 0. 3.95)
Then, u, is a weak solution to problem (2.1), i.e., D, E, (u;) = 0.
Proof. A proof can be found, e.g., in [12, 13].
Let us find the values of A at which N', # 0 and condition (3.5) is satisfied. To this end, we use the

nonlinear Rayleigh quotient method [24]. Let u € $"*(Q)\0, 1 < min{p, ¢}, and max{p,q} < 2*; then, the
following Rayleigh quotient is well defined:

J|Vu|2dx + J-|u|qu

R(u) =2 D
I|u|pa’x

D

Consider
r2_”j|Vu|2dx + rq_pJ.|u|qu

R(ru) = —2 D , ue D (Q\0, r>0. (3.6)
'[ ||’ dx
D
By differentiating this function with respect to », we obtain

2- p)rl_pI|Vu|2dx +(q - p)r"_p_1J‘|u|qa’x
0

— R = D D . 3.7
or (re) '[|u|pdx G7)

D

It is easy to verify that the equation %R(ru) =0 hasasolutiononlyifl<g< p<2and2< p<gq;

moreover, this solution is unique and is given by the formula

(p -2 IVaitax)"”

Fnin () = | ——2——— (3.8)
(@-p) I |u"dx
D
Substitute ;. () into R(ru) to obtain the nonlinearly generalized Rayleigh quotient
q-p p2
q-2 q-2
U|Vu|2de [I|u|qu]

Mu) := R(ryi, wu) = ¢, , ~L L , (3.9)
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where

S}

o <p+q—4>(<q—2>j?
M@= (-2

Hence, we obtain the following critical value (see [24, 25]):

S}

B

q-p

q-2 q-
Iqulzdx J|u|qu
A‘(p,q) = Cpq il’lf D D . (3.10)

™ ue DY (D)\0 I|u|pdx
D
Using the same reasoning for the Rayleigh quotient

1 2 L[
2J.|Vu| a’x+q.[|u| dx

Rp(u) =2 L
1 p
p£|u| dx

[}

we obtain

)

q—

S

p—

a2
[J.|Vu|2dx] [J.|u|qu}
Ap(u) := Rp(rnu) = ¢}, ¢, ,~2 D , (3.11)
I|u|pdx

D

<
]

-2
where ¢, , = (p/2)(2/q)%. Consider A, ,, = inf

we D"A(DN0 Ap(u). Itis clear that A, ., = ¢, A and
the following result holds.

p.q"~(p.g9)°
Lemma 3.5. Let 1< g< p<2or2< p<q<?2* and D = Q, where Q is a bounded domain in R" with
a C'-smooth boundary 0Q. Then, 0 < MNipg < +oo and N, < Ag(,,- Moreover, N, # 0 if and only if
N> A, and, if A > A, ., then there exists a u € B (D\O such that E,u) <0.
Proof. The inequality 0 <A, g 18 easily derived from the Holder and Sobolev inequalities. The

inequality A, ,) < A, follows from the fact that ¢, , > 1. To prove the remaining part of the lemma, it

suffices to note that N', = {ue€ W(D)\0: R(u) = A} VA > 0and, if R;(u) < A foracertainu € G (Q\O,
then E, (u) < 0.
Now we prove the following main result.

Theorem 3.6. Let N > 1 and D = CQ, where Q is a bounded domain in R" with a C'-smooth boundary 0Q).
Then, the following holds:

(1) If1 < p < min{2,q} orl < g and max{2,q} < p < 2*, then, for all A € (0,+<), there exists a solution

u € W(D) to problem (2.1) such that u is a ground state, u € C 2(D) NC 1’K(B) Jor a certain x € (0,1), and
u, >0inD.

(2 If 1<q<p<2 or 2<p<q<2* then problem (2.1) has no solutions for 0 <A <MA,,.
Ifh>hg ».q)» then there exists a solution u, € W(D) fo problem (2.1) such that u, is a ground state,

u, € Cc*(D) N CI’K(B) Jor a certain xe€ (0,1), u, 20 in D, and E;(u;) <0, E;'(w;) >0 YA > Ap(,,)
In addition, if 2 < p < q <2* thenu, >0 inD.
Proof. Note that, since F, (u) = E, (lul) and [u|e N, Yu € N,, the existence of a minimizer u;, in prob-

lem (3.3) implies that |u,| is a minimizer as well. Condition (3.5) is evidently retained in this case. Thus,
by proving.the existence.of.a.minimizer u, in problem (3.3) that satisfies condition (3.5), we obtain the
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existence of a weak nonnegative solution to (2.1). Furthermore, if u, is a weak solution to problem (3.3),

then the regularity theory of solutions to elliptic equations (see [17]) implies that u, € C 2(D) NC I’K(D) for
acertain x € (0,1). In addition, for1 < p < min{2,q},1 < max{2,q} < p < 2*,0r2 < p < g < 2¥, the max-
imum principle for elliptic boundary value problems implies (see [26, 27]) that #;, > 0 in D. Therefore, to
prove assertions (1) and (2) of Theorem 3.2, it suffices to find (for the corresponding A) a minimizing
sequence in problem (3.3) satisfying condition (3.5).

Proof of assertion (1) of Theorem 3.6. Note that, if | < p < min{2,4}, then E;'(u) > 0 Vu e N, and, if

1 < ¢ and max{2,¢q} < p < 2%, then E,'(u) < 0 Vu € N, . Therefore, condition (3.5) is always fulfilled in
these cases, and it is sufficient for the proof of assertion (1) to prove the existence of a minimizer in prob-
lem (3.3).

Letu, € N, (m=1,2,...) be a minimizing sequence in problem (3.3), i.e., let £, (u,,) — EK asm — oo,

First, consider the case 1 < p < min{2,q}. Using the Holder and Sobolev inequalities, we obtain
E 1 1 pl2 1 plq 1
Z@) 2 max<=Tw)—C=Tw)" ", -C—-Bu)"" +-Bu);,
2 p p q

where 0 < C < +e0 is independent of u € W(D). This implies that E, («) is a coercive functional on W (D)
and, therefore, there exists a subsequence, which we again denote by («,,), such that u,, — u, € W(D)
weakly in W (D) and, by the Sobolev theorem, u,, — u;, strongly in L'(D) for ye (1,2*). Since p € (1,2),
this implies that A(u,,) — A(u,) and, therefore,

E;(uy) < liminfE, (u,) = f,., (3.12)
m—oo
E;(u,) < liminfE;(u,,) = 0. (3.13)

Since E,(u,,) <0 form =12, ..., we have E;L < 0 and, therefore, u, # 0. It is easy to verify that, if one of
the inequalities (3.12) or (3.13) holds with equality, then u, is a minimizer in problem (3.3). Suppose that
E,(u;) < 0. Then, there exists an » > 1 such that £, (ru; ) = 0 and E, (ru;) < Ex, which is a contradiction.
Thus, we conclude that E, (u;) = £, and E;(u;) = 0, i.e., u, is a minimizer in problem (3.3).

Consider the case 1 < ¢ and max{2,q} < p < 2*. In this case, E, () is a coercive functional on N, .

Indeed, if u e N, , then E,(u) = p2—;2T(u) + %B(u) — oo as [|uf,, — . Hence, as before, we con-

clude that there exists a limiting function u; € W (D) satisfying inequalities (3.12) and (3.13). Let us show
that u, # 0. Assume the converse. Then, r,, :=||u,||, — 0 and

0=T(v,)-A"Awv,)+r °B(v,) >1 as m—> oo,
where v,, = u,,/||u,,||, for m =1, ... . This a contradiction. Let us show that (3.12) and (3.13) hold with

equality. Assume the converse. Then E;(u;) < 0, and there exists an r, € (0,1) such that E, (ru,) = 0.
Since 1, < 1 and r = 1is a maximizer of the function £, (ru,,) (m =1, ...), then

E, (ryu,) < iminfE, (ryu,,) < liminfE, (u,) = E,.
m—oo m—>co
This and ryu; € N, entail a contradiction, which proves assertion (1).

Assertion (2) in the case 1 < ¢ < p £ 2 was proved in [11] (also see [19, 20, 23]). Here we prove this
assertion in the case 2 < p < g < 2*. The nonexistence of solutions to problem (2.1) in the case
0<A< k( ».g follows from Lemma 3.5. Indeed, any solution belongs to the Nehari manifold, and by

Lemma 3.5we have N, =0 ifO0 <A <A
Lemma 3.7. Let2 < p < g <2*and A > A

(p:q)*

(n.g)- Then, there exists a minimizer u, € N, in problem (3.3).
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Proof. Let A > A, . Then N, is not empty by Lemma 3.5. Letu,, € N'; (m =1,2, ...) be a minimizing

sequence in problem (3.3), i.e., E,(u,,) — Ek as m — oo. We show that u,, is bounded in @"2(9). Using
the Holder inequality, we obtain

Eyu,) = AL aw,) + Leg(aw,)??, m=1, ...,
)4 q

where 0 < ¢y < +o0 is independent of m. This and the inequality ¢ > p imply that A(u,,) is bounded

which, in turn, due to £, (u,,) = 0 implies the boundedness of T'(u,,), which was to be proved. In addition,
we proved that £, > —co. Consider the sequence v, = u,,/||u,|l;» r,, := ||lu,|l, (m =12, ...). Since r, is
bounded, we may assume without loss of generality that r,, — r, as m — oo for a certain r, > 0. Note that
form =1, ..., it holds that

Uiy P WY bl ST g L‘;m) (3.14)
2q pq T
Taking into account that —e < £, , we obtain that r, # 0. Since||v,,|| =1 form = 1,2, ... , we have that,

by the Eberlein—Smulian theorem and the Sobolev embedding theorem, there exists a subsequence,
which we again denote by (v,,), such that v,, — v, weakly in @I’Z(Q) and strongly v, — v, in L,(€2) and
L,(€) for a certain v, € @1’2(9). Hence we can use (3.14) to prove by contradiction that v, # 0. Then,

due to the weak lower semicontinuity of the functional 7'(x) on %"*(Q), we obtain

E,(u,) < liminfE, (u,) = E,, (3.15)
E;(u;) < liminfE;(u,,) = 0, (3.16)

where u, = r,v,. Assume that there is a strict inequality in (3.16). Then, since E;(u;) < 0, there exists a

¢ > 1 such that E}(tu,) = 0, E;'(tu;) > 0, and E, (tu,) < E;(u;) < E,. This is a contradiction. Therefore,
(3.16) holds with equality. Then, u, € N',, which implies the equality in (3.15), which was to be proved.

Now we are ready to complete the proof of assertion (2). Let L > A .- Lhen, since A ) > A Pa)
Lemma 3.7 implies the existence of a solution u, to the Nehari problem (3.3). Since A > A, gy OY

Lemma 3.5 there exists a u € le’z(D)\O such that E;(#) < 0. This implies that Ek < 0 and, therefore,

E,(u,) <0 andE)'(u;) # 0. Hence, u, satisfies condition (3.5) and, therefore, Eq. (2.1). This completes
the proof of the theorem.

4. LINEAR INSTABILITY

In this section, we discuss some results on the linear instability of stationary solutions to the equation
Ou = Au+ N’ 2u—ul*%u, (t,x) e (0,00) X D. (4.1)

Here, as above, D = [R{N, D=Q,or D= RN\ﬁ. We consider the solutions subject to boundary con-
ditions (1.2)—(1.4) and the initial condition

Uli—y = Vo (4.2)

The solution to problem (4.1), (4.2) will be denoted by u(t;v,). It is known (e.g., see [28, 29]) that, if
VoL (D), thenthere existsaunique classical solution u(-;v,) € C 2’1( [0,T)x D) N C(]0,T) x I)) to prob-
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lem (4.1), (4.2) for a certain T = T(v,) € (0,+c0). Moreover, if v, € C(D), then u € C((0,T),2"*(D)),
and, if additionally v, € %"*(D), then

t
[l (53wl s + Esu(ts ve)) = Ey(vo). 4.3)
0

In the case T' = +oo, the solution u(-;v,) is said to be global.

Let u, be a weak bounded in D solution to problem (2.1). Consider the linearized problem

—Ly = —Ay — (Mp ~ Diugl"™ = (g = Dol Hw = py (4.4)
vy e W(D).
Then, in the case 2 < min{p,q} < 4o, it is easy to verify that there exists the minimal eigenvalue y, in
problem (4.4) with the nonnegative eigenfunction y, € W (D) (e.g., see [26, 30]).

The solution u, to problem (1.1) is called a /inearly unstable stationary solution to problem (4.1) if the
minimal eigenvalue W, of the operator —L is negative. Note that, if we consider the perturbed solution
v(t,x) = uy(x) + w(t, x) to problem (4.1), then upon the linearization we obtain d,w = Lw. Hence, for
w=e™ "y, we see that the perturbation is exponentially unstable in the linear approximation.

Lemmad.1. Let N 21, p#q, p =22, q =2, and Q be a bounded star-shaped (with respect to the origin

of [R{N) domain with a C' -smooth boundary 0Q. Then, the weak bounded in D solution u to problem (2.1) is
a linearly unstable stationary solution to problem (4.1) if the following conditions are satisfied:

(i) D =R" and d*(p,q) < 0;
(ii)) D = Q and max{2,q} < p < 2%;
(iii) D = R"\Q for2 < p < q ord*(p,q) < 0 and 0 < g < p.

Proof. Note that, under conditions (i)—(iii), the weak solution u to problem (2.1) by Theorems 2.2, 2.4,
and 2.5 satisfies the inequality £'(«) < 0. By the minimax Courant—Fischer principle, we have

[AAWE = Ao = Dl = (@ = DIl yy)dx

W= inf 2 - . (4.5)
ye D (D\(0} J.le dx
D

Set ¢y = u. Then, we have
[(Ival = o = Dlad” = (g = DIl us* ix

D

_E"()
j|u|2dx j uldx
D D

(4.6)

Hence, due to the inequality £"(u;) < 0, (4.5) implies i, < 0, which proves the lemma.

Note that the approach based on the use of the fibering function E(ru) allows us to obtain the following
result on the upper bound on the minimal eigenvalue of the linearized problem (4.4).

Corollary4.2. Let N 21, p#q, p=22,q2>22,D = [RRN, D=Q,orD= [REN\ﬁ, where Q is a bounded

domain with a C' -smooth boundary 0Q. Let u be a weak bounded in D solution to problem (2.1). Then, the
minimal eigenvalue |\, of the linearized problem (4.4) satisfies the inequality

b e B
_[|u| dx
D

Proof. The proof immediately follows from the minimax Courant—Fischer principle (4.5) and for-
mula. (4.6)-
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5. ON THE STABILITY OF GROUND STATES
Note that Derrick’s theorem (see [15]) contains a stronger assertion then in Lemma 4.1 under condi-

tion (i); namely, forD = R"Y, N >3 and p > 2, g > 2, if there exists a weak bounded in R" solution u to
problem (2.1), then it is a linearly unstable stationary solution to problem (4.1). It was shown in [16] that

the same result holds in the case N =1,2 ifue H ”(RN). However, the situation can be different if
p, q € (1,2]. In particular, this can be due to the fact that problem (2.1) in this case can have solutions with
compact support (see [6, 19, 20, 31]). Below, we show that such solutions are, in a certain sense, stable in

the case D = R" . The situation becomes different in the case of a bounded domain D = Q. In this case,
problem (2.1) has stable solutions. In the case p, g € (1,2], such a result was obtained in [11]. In this sec-
tion, we extend this result to other exponents.

In what follows, the solution u,, to problem (2.1) is called a le’z(D) -stable stationary solution to the par-
abolic problem (4.1), (4.2) if Ve > 0, 30 > 0 such that
lup —ut;vo)ll, <€ Yvee B2D)YNCD): |lug—vill, <8, Vi>0. (5.1)

Atafixed A > 0, the set of all ground states of problem (2.1) will be denoted by g; := g;(D), and it will
be called the manifold of ground states.

Proposition 5.1. Ler2 < p < g < 2*,\ > A, ,, and D = Q be a bounded domain in R" with a C' -smooth
boundary 0Q. Then, g, (D) is a bounded set in G"(D).

Proof. This proposition is proved by contradiction and the proof is similar to the proof of Lemma 3.7.

Let & > 0. Introduce the notation Vs(g,) := {v € (D) : inf,.,, |lu —vi; < 8 N C(D). The manifold

of ground states g, will be called le’z(D)—stable for the parabolic problem (4.1), (4.2) if, Ve > 0, there
exists a & > 0 such that

inf |lug —u(t;vy)l, <€ Vv,e Vs(Gy), Vi>0. (5.2)

weG,
Lemma 5.2. Let N 21,1<g< p<2or2< p<q<?2* and D =€), where Q is a bounded domain in
R™ with a C'-smooth boundary 9Q. Then, if k. > \
is 9"*(D)-stable.
Proof. Consider the manifold of ground states g, of problem (2.1). Note that by Theorem 3.6, if

then the manifold of ground states g, of problem (2.1)

(p.q)>

A > X(M), then E;'(u) >0 for every u € g,. Since g, is a bounded set in QD"Z(D) and the mappings
E,, E; : 9"*(D) — R are continuous, there exists a 8, > 0 such that, forall u € V;(g;) and 0 < § < §,, it

holds that £,'(u) > 0.
Let us show that F, is a Lyapunov functional in the neighborhood V;(g;) for 0 < 8 < 9.
Proposition 5.3. There exists a 6 € (0,0,) such that

E.w) > E, YueVyg)\g. (5.3)

Proof. Assume the converse, i.e., let, for each d € (0,9,), there exists a u’e Vs(g,)\g, such that
Ex(us) < EX. Then, there exists a sequence u,, € V; (g,)\g such that

infllu—u,l, >0 as n-—oo
ueg),

and
Eyw)<E,, n=12 .. (5.4)
The first convergence implies that there exists a sequence v, € g, such that

|[v, —ull, >0 as n— e, (5.5)
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Note that (v,) is a minimizing sequence for (3.3) because E,(v,) = E;L foralln =1,2,.... Therefore,
we can use the same reasoning that was used for the minimizing sequence in the proof of Lemma 3.7.
Therefore, (v,) has a limiting point u, # 0, which is a ground state of problem (2.1). Furthermore,

v,, — U, strongly in QDI’Z(Q) as n — oo. This and (5.5) imply that 4, — u;, strongly in Ebl’z(Q) asn —> oo,
Note that by construction u,, is not a ground state of (2.1). Therefore,
E(ronuu,) > E,, n=12,.....
This inequality and (5.4) imply
1< Foax (@) < Fin(1,). (5.6)

Since the mappings (), Frnin () : %"*(Q) — R are continuous and u, = u, in G"2(Q) as n — oo, we
have

rmin(un) — rmin(uk) =1 as n — oo,

Here r

m

() = 1 because E;'(u;) > 0. Then, (5.6) implies that

rmax(un) — rmin(ux) =1 as n — oo,
This and the inequalities E)'(r,,.(u,)u,) < 0 and E)'(r.,;,(u,)u,) = 0 entail
Ey(uy) = 0.

However, this contradicts the inequality £, () > 0 forallu € g;.
To complete the proof of Lemma 5.2, it suffices to prove the following proposition.

Proposition 5.4. For each € > 0, there exists a d € (0,0,) such that
infllu—ut;vyl, <e Vv,eVs(gy), Vi>D0. 5.7)

Ue gy,
Proof. Let € € (0,0,). Consider
d, := inf{E,(w) : we D), inf|ju — wl|, = €}. (5.8)
ueg,
Then d, > Ex. Indeed, assume the converse, i.e., let there exist a sequence w" € QDI’Z(Q) such that

inf u—w"||, =€ and E,(w") — E,. Since the set g, is bounded in @"*(Q), (w") is also bounded in
ue gy 1 A A A

@"2(9). Then, by the Eberlein—Smulian theorem and Sobolev’s embedding theorem, there exists a
vy € le’z(Q) and a subsequence (which is again denoted by (w")) such that w" — v, weakly in @1’2(52)
and strongly in L, 1<7y<2* The weak lower semicontinuity of the functional lull} on B"*(Q)
implies £, > E,(v,) and inf,., |lu—wvll; <e. By Proposition 5.3, this is possible only if v, € g;.
Then, the equality Ek = E,(v,) implies the strong convergence w" — v, in QDI’Z(Q). Hence,

lu—w"|l, = inf,, |lu— vy, Then, v, ¢ g,, which is a contradiction.

€ = inf, e,

ue gy,
Since £, <d,, we have E, <d,—c for a certain ¢>0. The continuity of the mapping

E, : %"*(Q) — R implies that there exists a § € (0,€) such that
E,(w)<d.—c  Vwe Vs(gr) cVe(gyn). (5.9)

To prove the proposition, it remains to verify that, for every v, € V5(g,), the solution u(z, v,) remains
in V,(g,) forall # > 0. Assume the converse. Then, taking into account that u(z,v,) € C((0,7T), le’z(Q)),
there exists a 7, > 0 such that inf ., ||lu — u(ty, v, )|, = €. Due to (5.8), this implies

ue gy

d. < E, (v(ty,vy)).
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On the other hand, (4.3) implies that F, (v(#,,v,)) < E,(v,). Therefore, taking into account (5.9), we
have

d. < E,(v(ty,vy)) < Ey(vy) <d, — 0.

Thus, we have a contradiction, which proves Proposition 5.4.

Let D = Q. If a nonnegative solution u to problem (2.1) satisfies the condition

dufov=0 on 0Q, (5.10)

then u is called the solution with a compact support. Note that, according to the standard regularity theory
of solutions to elliptic problems, if u, € W(D) is a weak solution to (2.1), then u € C’(D) N CI’K(B) for
xe (0,1).

In [32, 33], the following lemma was proved.

Lemma 5.5. Let N 23,1<g < p<2,d*(p,q) >0, and D = Q be a bounded star-shaped domain with
respect to the origin of R" with a C'-smooth boundary 0Q. Then, there exists a \* = szp,q) > A, Such that,

*

(p.q)» the solution

Jor all A > \*, problem (2.1) has a solution uy with a compact support. Moreover, for A = A
u;* with a compact support is a ground state of problem (2.1). In this case, u; € C 2(D) NC ]’K(B) Jorxe (0,1)
and u; 2 0in D.

Note that {(p,q)e R*:1<g< p< 2 n{(p,q)e R’ : d*(p,q) >0} =0 for N = 1,2.

Below, we will need the following lemma (see [34]).

Lemma 5.6 (Serrin—Zou). Let N >22,1<g< p<2,and D = R". Then, any solution u to problem (2.1)
has a compact support. Moreover, for each connected component Z in the open support

0 :={xe R" : u(x) > 0}, it holds that

(1) = is a ball;

(2) u is a radially symmetric function with respect to the center of the ball =.

Let N 23 and 1< g < p < 2. Consider problem (2.1) for D = R"Y and A = 1. Then, by Lemma 3.1,
there exists a classical nonnegative solution u“ of this problem that is a ground state of (2.1). Since 4 is a

ground state, it is easy to conclude from Lemma 5.6 that the support supp(uz“) consists of a single compo-
nent, which is a ball centered (without loss of generality) at zero with a certain radius R, > 0; i.e.,

supp(u‘) = B &,,,- The function u‘ is radially symmetric. Note that #° is a classical solution to problem (2.1) in
the case D = B&M). As was shown in [20, 21], this implies that #° is a unique positive solution to this prob-
lem, and the radius R, is determined uniquely. On the other hand, by Lemma 5.5, if additionally
d*(p,q) > 0, then there exists a 7»?;’ (B RW)) such that (2.1) has a ground state u;* with a compact support.
Using the uniqueness of #“ and the fact that #° is a ground state of problem (2.1) for D = R",itis easy to

verify that A (B R(M)) =landu‘ = u; . This, in particular, implies the following result.

(p.q) s

Corollary 5.7. Let N >3, D = Bg,,»1<q<p<2, and d*(p,q) > 0. Then, the manifold of ground

states gx*(B &,,,) of problem (2.1) with A = 1 consists of a single solution #“, and u“ has a compact support.
Every function w in @1’2(9) can be extended to R" by the formula

=w in Q,
0 in RM\Q.

=

(5.11)

w

Then, w e 9"*@R"), and in this sense 2"*(Q) c B*R").
Lemma 5.2 and Corollary.5.7Z.imply the following result.
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Lemma5.8. Let N >3, D =R" 1< q < p<2,andd*(p,q) > 0. Then, the compactly supported solution

u‘ to problem (1.1)—(1.3) is a stable stationary state of the parabolic problem (4.1)—(4.2) in the following sense:
Ve > 0,38 > 0 such that

lu® —u@t; vy, <e Vv,e QDLZ(BR(M) NCD): |lu —vl, <8, Vi>o0. (5.12)

It is clear from the translational invariance of Egs. (1.1), (4.1) that »“(- + y) also is a stable stationary

state of the parabolic problem (4.1), (4.2) for every y € R" in the sense similar to Lemma 5.8. In partic-
ular, consider

My :=tve DZR"):Iye R, v(-+y)e " (Bg, ). supllu() = v(-+ )|, < 8,

yel,

where 8 > 0and 0, :={ye R : v(+y)e le’z(BR(p’q))} forve 3"*(R"). Then, we obtain the following
result.

Corollary 5.9. Let N >3, D =R", 1< g < p <2, and d*(p,q) > 0. Then, there exists a d, > 0 such
that, forall v, € M 5,» the solution u(#;v,) to problem (4.1), (4.2) is global and bounded for all # > 0.

6. CONCLUDING REMARKS

It is easy to see that Theorem 3.6 on the existence of solutions in the case of a bounded domain D = Q
can be extended to Egs. (1.1) with a nonzero mass, at least, for small m > 0. Taking into account The-
orem 2.4, the existence of solutions to Eq. (1.1) in the case D =Q when 2*< p<¢q,0< p<g<1,or
0 < g < p <1 remains an open question.

I am not aware of the results on the existence of solutions to Eq. (1.1) in the case D = [R{N\Q in the
same generality as in the case of the two other domains if two exponents p and g are taken into account.
Some results in this direction can be found in [35—37] (also see the references therein).

I believe that the results obtained in Sections 4 and 5 can be extended to other types of nonstationary
equations—hyperbolic, nonlinear Schrédinger equations, etc.

Note that Derrick in [15] concluded from the result on the instability of localized solutions that this is
an obstacle for interpreting such solutions as particles. In [15], he proposed a few modifications of models
aimed at obtaining stable localized solutions. Lemma 5.8 and Corollary 5.9 suggest that equations with
non-Lipschitz nonlinearities can be considered as a way to obtain models with stable localized solutions.
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